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Motivation

So far, we have looked at

discrete state and action spaces.

Suppose we have a set of
discrete states to visit and
desired discrete actions (say
through MDP-based planning).

How does a robot plan
continuous actions to visit these
states while also accounting for
its own dynamics?
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Motivation

. : ceiling
Consider a drone in hover.

We want it to: wind

1. Track a desired trajectory,

2. While not crashing into the ceiling  pesired
or the ground, trajectory

3. And account for disturbances.

In today’s lecture we will try to solve 1
without worrying about 2 and 3.

ground



Problem formulation: Drone example

Consider a drone governed by the ceiling
dynamics :
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Problem formulation: Drone example

Linear dynamics:
ceiling

r = Ax + Bu
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Problem formulation: Drone example

Linear dynamics: ceiling

r = Ax + Bu

Discretized dynamics:

:B(t + 1) = Adm(t) + Bau Doy ™

trajectory

Desired trajectory: @ges(t)

Trajectory tracking error:

(2(t) — Taes (1) (2(t) — Taes (t)) :
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Problem Formulation

Consider the linear, discrete-time system at time Kk,

r(k+ 1) = Azx(k) + Bu(k)
where, z € R™ u € R™, A € R"*"= B e R"=*",
Suppose you want to find a sequence of control inputs

Uo:N—1 — {U’O)ul) oo 7uN—1}

and a corresponding sequence of states
Lo:N — {560,5171, e ,CL’N}
such that the following cost is minimized

N-—-1

J(x(0),Uy) = 23 Prn + Z (CE;FQHLL + U?Ruz)
i=0



Problem Formulation

The cost is composed of two parts:
« Stage cost

« (Cost-to-go
N-1

J(x(0),Up) = & Pz + Z (w?sz + u?Ruz)
i=0

The stage cost is the cost of deviating from the desired state and
control over the planning horizon, i.e., from time 0 - N-1.

The cost-to-go (or terminal cost) is the cost of the problem from time
N - oco. We will later look at ways to find the “best” terminal cost.



Unconstrained Optimal Control Problem (OCP)

Horizon
N—-1
r%in 331]\}P33N + E (.’E;FQZEZ —+ fu,;rRu,L> Cost
0
=0
’ vVke{0,...N -1}
S.t. Lek+1 — Ail?k -+ Buk Dynamics

To = g;(()) Initial Condition

where, P > ( is the terminal weight,
() > O is the state weight, and

R > ( is the input/control weight.



Unconstrained Optimal Control Problem (OCP)

Horizon
N—-1
r%in 331]\}P33N + E (.’E;FQZEZ —+ fu,;rRu,L> Cost
0
=0
’ vVke{0,...N -1}
S.t. Lek+1 — Ail?k -+ Buk Dynamics

To = g;(()) Initial Condition

where, P > ( is the terminal weight,
() > O is the state weight, and
R > (O is the input/control weight.
We will look at two approaches to solve this problem:

1. Batch Approach
2. Recursive Approach (based on Dynamic Programming).



1. Batch Approach: Setup

We write the dynamics constraints (equality constraints) in terms of the
initial condition and the control input as,

x1 = Axg + Buyg,

ro = Ax1 + Buy
= A(Axo + Bug) + Buy
= A%z + ABugy + Bug

Uo
an = ANzo+ [AN71B AN72B ... B]

UN-1




1. Batch Approach: Setup

We write the dynamics constraints (equality constraints) in terms of the
initial condition and the control input as,

o I 0 0 “. 0 Ug

I1 A B 0 “e 0 (3]

TN AN AN-1Bp AN—2B .. B UN—1
\- -/ \- -/ \- - -J\- - -J

Xo Sz Su Uo

Hence, all the dynamics constraints can be written in batch form as,

Also let, Q = blkdiag(Q, Q, ...,Q, P) and R = blkdiag(R, R, ..., R)

"~

N times N times



1. Batch Approach: How to solve

Let’s revisit the original optimization problem that we want to solve,

N—1
min zxPzy + Z (CU?QZ'Z -+ U?Ruz)
Vo i=0

S.t. Xp41 = Az + Bug

rog — LB(O)

We can rewrite the cost as, J((0),Up) = XgQXO T U(?RUO
and the equality constraints as Xy = Sxa:(()) + S, Up.

Hence, we can substitute the the constraints into the cost to get,

min  (Sez(0) + S.U0)  Q(S,z(0) + S Uy) + U RU,



1. Batch Approach: How to solve

The unconstrained optimization given by,

min  (Sez(0) + S.U0)  Q(S,z(0) + S Uy) + U RU,

can be solved by taking the gradient of the cost,
0=Vy, ((Sxa:(()) + SuUo)TQ(S,2(0) + SuUs) + UL RUO)
~Vy, (x(O)TS;F 08,z(0) + 22(0)T ST QS Up + UL STOS, Uy + UL RUO)
= 2(2(0)7STQ8.)" +2(STQS, + R)U.

Hence, the solution of the optimization is given in closed-form as,

Us (2(0)) = (S QSu + R) ™S, QS,2(0)



1. Batch Approach: Summary
We wrote the states in terms of the initial condition and the control inputs.

We were able to find the solution to the optimization because the cost
was a convex, quadratic function of the optimization variables UO.

The solution of the unconstrained optimal control problem is given in
closed-form as,

Us (2(0)) = —(S; QSu + R) 'S, QS,z(0)

We know that ST'QS, + R is invertible because ST QS, = 0& R > 0.

If there are state or input constraints, solving this problem by matrix
inversion is not guaranteed to result in a feasible input sequence.



2. Recursive Approach: 1-step setup

Instead of the batch approach, we can also take a Dynamic
Programming approach to solving the unconstrained, finite-horizon OCP.

Let’s first look at the one-step optimal control problem at time k = N-1:

« : T T T
Jy_1(xn_1) = min enPrvey +2xn_1Qxn_1+uny_1Run—_1
N-—-1

st. xny =Axn_1+ Bun_1
Py =P

where, we use P; to denote the optimal cost-to-go and we set Py = P.



2. Recursive Approach: 1-step solution

We will now solve this one-step problem, the same way we did earlier,
by substituting the equality constraints,

Jy_1(zn-1) = ,glvlnl (Azy_1+ Bun_1)" Py(Azn_1 + Bun_1) + Ty _1QzN_1 + uy_; Run_1

and then setting the gradient of the unconstrained minimization to 0,
Vaun_1 ((AHJN—1 + Bun_1)' Pn(Azn_1 + Bun_1) + oh_1QxN_1 + u?,\}_lRuN_l) =0

to obtain the optimal control input at time N-1,
uwh_, =—(BT'PyB+ R) " 'BT'PyAxn_1
2 Fy_1ZN_1.
This optimal control input can by substituted into the cost to obtain:
Jn_1(@xn-1) =zy_1(A"PvA+Q— A"PyB(B'"PyB+ R)'B"PyA)zn_1

AT
=zy_1Pn_1zN_1



2. Recursive Approach: 2-step setup

Now, we look at the two-step OCP at time k = N-2,

N-1
: T T T
Jny_s(xnN—2)= min axnyPnzy+ E x; Qx; + u; Ru;
UN—-1,UN -2 N9
i=N—

s.t. xny =Axn_1+ Buny_1

rN—1=ArN_2+ Bun_a.
By Bellman’s Principle of Optimality, the equivalent OCP is given by,
IN_o(TN—2) = 55}}1112 Tn-1(@N_1) + Ty _QrN 2+ uy_oRun o

s.t. zn_1=Axn_2+ Bun_o
where we previously calculated the terminal cost,

Jn_1(zn_1) =zN_1(ATPvA+Q — ATPyB(B"PyB+ R)"'BTPyA)zy_1

AT
=xn_1Pn_1xn_1



2. Recursive Approach: Solution

The two-step OCP below is solved the same way as the one-step OCP,
Jrn_o(xNn_2) = 51;1\]12 h  PN_1ZN_1+ TN _oQTN_2 + uk_oRun_s
s.t. xny_1=Axn_2+ Bun_o

to get the optimal control input,
uwh_o=—(B'Py_1B+R) 'B'Py_1AzNn_

2 FN_oTN_2.
Similarly, the recursive solution evaluated for £k = {N —1,...,0} is,

uw*(k) = —(B* Py 1B+ R)"'BY P, 1 Az (k)
2 Fkx(k)

and the recursive update of the terminal weight (also called the Discrete
Time Riccati Equation) is,
P,=ATP, 1 A+Q—-AT"P, . .B(B'P,.+.B+R) 'BTP, A

Py =P



2. Recursive Approach: Summary

We can solve the OCP in a recursive manner by starting at the last time
step, k = N-1, working all the way up to k = 0.
Using the Principle of Optimality, the recursive solution is

uw*(k) = —(B"Py.1B+ R)'B"P, 1 Az(k) Vke {N —1,...,0}
L Fkx(k)

and the recursive update of the terminal weight (also called the Discrete
Time Riccati Equation) is,

P,=ATP, 1 A+Q—- AP, .B(B"P,.+.B+R)"'BT'P, A
Py =P

The optimal cost-to-go k 2> N is,
T*(x(k)) = z(k)" Pya(k)



Comparison of Batch and Recursive Approaches

To summarize, the solution of the Batch Approach is,
Ug (2(0)) = = (ST Q8. + R) 'S} QS,x(0)
and the solution of the Recursive Approach is,
uw*(k) = —(BTPy.1B+ R)"'BT P, Az(k)
2 Fra(k),
P,=A"P, 1 A+Q—- AP, B(B'P,,1B+R)"'B'P, A
Py =P



Comparison of Batch and Recursive Approaches

To summarize, the solution of the Batch Approach is,
Us (2(0)) = —(SL Q8. + R) ™' 8L QS4x(0)
and the solution of the Recursive Approach is,
uw*(k) = —(BTPy.1B+ R)"'BT P, Az(k)
2 Flx(k),
P,=A"P, 1 A+Q—- AP, B(B'P,,1.B+R)"'B'P, 1A
Py =P

The difference between the two approaches is that the batch approach
gives a numerical sequence of control inputs (open-loop sequence)
whereas the recursive approach gives us a solution that is a function of
the state at time k (closed-loop policy).



Comparison of Batch and Recursive Approaches

The difference between the two ceiling
approaches is that the batch approach

gives a numerical sequence of control

inputs (open-loop sequence) whereas C—
the recursive approach gives us a
solution that is a function of the stateat

time k (feedback policy). Desired
trajectory

If the state evolves exactly as modeled,
there is no difference between the two
approaches.

ground



Comparison of Batch and Recursive Approaches

In the presence of any disturbances, the

recursive approach can adapt more easily ceiling
because the policy is computed based on

the current state of the system and not wind
just as a function of the initial state.

As the horizon length increases, the size ;- e
of the matrix to be inverted for the batch iajectory
approach increases and the recursive

approach becomes more desirable.

Constraints can be adapted more easily
using the batch approach.

Next Lecture: ground
How to incorporate constraints?



