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What kind of disturbances?

1. Gaussian distribution
2. Bounded uncertainty
3. Mean and variance
4. Discrete distribution
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Bounded disturbance
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Assume that the i.i.d. disturbances are bounded and lie in a convex 
polytope, i.e., where,

Since every disturbance from this set is equally likely, we would like to 
account for all possible disturbances.



Maxima over convex polytopes
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Lemma:

This means that the maximum of a function convex in w, always 
occurs on the vertices of the polytope we are maximizing over.

See Lemma 10.1 in the textbook 



What kind of disturbances?

1. Gaussian distribution
2. Bounded uncertainty
3. Mean and variance
4. Discrete distribution

5

ceiling

ground

Desired 
trajectory

wind



Chance constraints
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Mean Worst-case

0

For a random variable , a chance constraint satisfies the inequality

This means a constraints of the form holds with at least 
confidence.  



Chance Constraints for Gaussian disturbances

Chance Constraints for Linear Inequality:
For a normal random variable , we want to satisfy

It follows that

Hence, 

Or we can equivalently write the chance constraint as
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What kind of disturbances?

1. Gaussian distribution
2. Bounded uncertainty
3. Mean and variance
4. Discrete distribution
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Chance constraints for disturbances with 
known mean and variance

9

We no longer have exact reformulations of the chance constraint like 
we did for the Gaussian case: 

But what are some ways in which we can find over-approximations of 
the chance constraint?
Idea: Find an upper bound for the probability of constraint violations.



Chance constraints for disturbances with 
known mean and variance
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We no longer have exact reformulations of the chance constraint like 
we did for the Gaussian case: 

But what are some ways in which we can find over-approximations of 
the chance constraint?
Idea: Find an upper bound for the probability of constraint violations.
Solution #1: Markov’s inequality
For a non-negative random variable, Z, we have   



Chance constraints for disturbances with 
known mean and variance
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We no longer have exact reformulations of the chance constraint like 
we did for the Gaussian case: 

But what are some ways in which we can find over-approximations of 
the chance constraint?
Idea: Find an upper bound for the probability of constraint violations.
Solution #1: Markov’s inequality
For a non-negative random variable, Z, we have   

Problem: Our random variable (the LHS of constraints on states with 
noise) may not be nonnegative.



Chance constraints for disturbances with 
known mean and variance
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Solution #1: Markov’s inequality
For a non-negative random variable, Z, we have   

Can we massage our problem into this form?

Extended version of Markov’s inequality: 
For a non-negative, nondecreasing function , it holds, 



Chance constraints for disturbances with 
known mean and variance
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Solution #1: Markov’s inequality
For a non-negative random variable, Z, we have   

Can we massage our problem into this form?

Extended version of Markov’s inequality: 
For a non-negative, nondecreasing function , it holds,

Now, if , and for any ,



Chance constraints for disturbances with 
known mean and variance
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Solution #1.1: Extension of Markov’s inequality (Chebyshev’s ineq)
For a non-negative, nondecreasing function , and when

with , it holds that

Let,



Chance constraints for disturbances with 
known mean and variance
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Solution #1.1: Extension of Markov’s inequality (Chebyshev’s ineq)
For a non-negative, nondecreasing function , and when

with , it holds that

Let,

Plugging in , minimizing w.r.t (with some conservative 
approximations) we show that holds if,

where, (the next steps are the same as 
before: write the inequalities in batch form and evaluate the 
expectations).



What kind of disturbances?

1. Gaussian distribution
2. Bounded uncertainty
3. Mean and variance
4. Discrete distributions and beyond
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Chance constraints for general distributions
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Solution #1.2: Conditional Value-at-Risk
For a non-negative, nondecreasing function , and when

with , it holds that,

Let,

Plugging in , 



Chance constraints for general distributions
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Solution #1.2: Conditional Value-at-Risk
For a non-negative, nondecreasing function , and when

with , it holds that,

Let,

Plugging in , 

Hence, we need to satisfy the following constraint to satisfy our 
original chance constraint 



Chance constraints for general distributions
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Solution #1.2: Conditional Value-at-Risk
We have,

This can be rewritten as 

We do not affect the above result by replacing the with , i.e,  



Chance constraints for general distributions
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Solution #1.2: Conditional Value-at-Risk
We have,

This can be rewritten as 

We do not affect the above result by replacing the with , i.e,

The above constraint is equivalent to finding the Conditional Value-at-
Risk (CVaR) of the function 



Conditional Value-at-Risk
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We define the Conditional Value-at-Risk as,

What does it mean?



Conditional Value-at-Risk
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We define the Conditional Value-at-Risk as,

What does it mean?
To understand CVaR, let’s first define the Value-at-Risk as,

Mean



Conditional Value-at-Risk
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We define the Conditional Value-at-Risk as,

What does it mean?
To understand CVaR, let’s first define the Value-at-Risk as,

We can show that the optimal for the infimum in CVaR, is the Value-
at-Risk, i.e., (for continuous distributions)



Conditional Value-at-Risk
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We define the Conditional Value-at-Risk as,

Properties:
1. CVaR is convex in the random variable Z (VaR is generally non-

convex).
2. It provides an upper bound for VaR. It is in fact the conditional tail 

expectation. 
3. It gives us a really nice way to switch between expectation-based 

and robust-planning by choosing   .
4. For Gaussian distributions, it can be computed in closed form.
5. Is a part of a class of risk measures called Coherent Risk 

Measures.



How to compute CVaR for discrete 
distributions
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We have defined the Conditional Value-at-Risk for a random variable Z

Now, if Z is defined by a discrete distribution of size J, we denote the 
jth occurrence of the random variable by with probability of 
occurrence . Hence CVaR can be reformulated as,   



MPC reformulation using CVaR
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We started with the following MPC problem,

Using CVaR, we can get a “middle ground” between robust planning 
and stochastic MPC (that uses an expectation-based cost and chance 
constraints).


